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ABSTRACT
On estimating the eigenvalues for a class of semilinear elliptic operators, we
obtain bifurcation and comparison results concerning the eigenvalues of some
related linear problem.

1. Introduction

Let Q2 be a bounded open subset of RY (N = 3) with smooth boundary 3Q.
Consider the semilinear eigenvalue problem

n Lu+ fix,u)=uu 1inQ,

u=20 on 0Q2,
where Lu = — Z,_, D(a, ;(x)D,u) + ay(x)u is a formally selfadjoint operator
with bounded measurable coefficients such thata, ; =q;,(i,j=1,..., N)and
/: QX R—Risa Carathéodory function (i.e. measurable in x for all ¥ €R and
continuous in u for a.a. x €Q) such that f(x, 0) =0, so that ¥ =0 solves
trivially (1) for each p.

If fis odd in u and satisfies suitable growth restrictions, then by Liusternik—
Schnirelmann (LS) theory one can establish, given any » > 0, the existence of
infinitely many eigenvalues u,(r) (n =1, 2, ...) for (1) associated with eigen-
functions u,(r) satisfying [ u; (r) = r*.
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A natural problem in this context is to compare the eigenvalues u,(r) with
those of some linear problem close, in a sense, to (1).

Very recently, in his investigation on the limit points of the u,(r), Shibata [5]
has shown in particular that if fis C' in u, if 8, f(x, u) satisfies a “coercivity”
condition for ¥ > 0, and if moreover

(2) 18, f(x, u) =8, f(x,0)| =clu™!

for some c = 0 and some p: | <p <1+ 2/N, then u,(r)— A, as r — 0, where
A, 1s the nth eigenvalue of the linear problem

3) {Lu +0,f(x,0u=uu inQ,

u=>0 on 9Q2.
More precisely, he shows (see (ii) on p. 423 of [5]) that, as r — O,
(4) Pa(r) = A, + O(r? 7).

It is our aim to generalize this result on simplifying substantially the assump-
tions on f, in particular as far as regularity and growth restriction are
concerned. We show indeed that, under the sole assumption

(5) |fx, ) = g(x)u| =clul

for some g €L*(Q) and some p: | < p <1+ 4/N, a result like (4) holds with
A, the eigenvalues of the linear operator Lu + g(x)u in Q subject to zero
Dirichlet b.c. on dQ2. Obviously, when fis differentiable, then (2) implies (5)
with g(x) = f,(x, 0). Let us remark here that condition (2), which in [5] is
assumed to hold only for # > 0, must then necessarily hold for any u because
3, f(x, u) is even in u, due to the oddness assumption on f.

In our approach, the above estimate is an immediate consequence of a
bifurcation result (Theorem 2 below) concerning (1), which states that if
| fix,u)| alul? for some p:1<p<1+4/N, then for each n u,(r)=
Uy + O(r?~ ') and u,(r)— 0 in W¥Q) as r — 0; here u_ denote the eigenvalues
of Lu = Au in Q, u = 0 on 3Q, while W) denotes the closure of C(Q) in
the usual Sobolev space W'¥(Q).

When comparing with [5], we see that the bifurcation aspect is not con-
sidered there, moreover, we rely on a more appropriate use of a basic
inequality concerning bounds for the L’ norm of wu€W*'?
(1=p=p:=2N/(N —2)) in terms of the L? norm of u and Vu; this sim-
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plifies considerably the estimates and, hopefully, makes the argument more
transparent.

This paper complements the results given by the author in [2], where a wider
range of p was allowed but at the expenses of an additional sign assumption on
f. However, in [2] the emphasis was on the asymptotic distribution of the u,(r)
as n — oo (r > 0 fixed): it may be of interest to note incidentally that the range
of p considered here (1 < p <1+ 4/N) is the same under which the “non-
linear” eigenvalues u,(r) obey the classical asymptotic law

U, (r) = kn?" 4+ remainder  (n — )

known for the eigenvalues of the linear operator L; see [2].

2. Preliminaries

We shall use repeatedly the following result, which is a direct consequence
(via Holder’s inequality) of the Sobolev embedding thoerem (see e.g. [2]):

LEMMA 1. Letp: 1 =p=py:=(N+2)/N—-2)(sothat2=p+1=p)
and let B=B(p)=(N/pXp—(p +1)). Then, for each y:0=y =B, there
exists ¢ > 0 such that

(6) g eI Val?™ 7wl

for all u€ W' Q). (Here and henceforth | u ||, denotes the norm of u in
LP(Q).)

We remark on passing that (6) can also be derived from the following
interpolation inequality, quoted and used in [5]:

lull=<cllulmlull ©EWHQ)

whenever 1/p = A <pu<v,witha=@ —u)/(v — 1), B =(u—2)/(v —4).
Let us now go back to problem (1). To prove the existence of the eigenvalues
for (1) we make use of the LS critical point theory: standard references for this
are e.g. [3] or [4].
The following assumptions will be made throughout:

(A1) L is uniformly elliptic in €: there exists v > 0 such that, for all x EQ
and for all £ER",

% a;;(x)&& = gl &,

=1
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(A2) /- QX R—Risoddin u ( f(x,— u)= — f(x, u)) and satisfies
| flx,u)| =alulf +b
forsomea,b=0andsome 1 = p <1+ 4/N.

We shall henceforth consider weak solutions of (1), namely u € W'¥(Q)
such that

(N % a,,j(x)D,-uD,v+fao(x)uv+ff(x,u)v=,ufuv

ij=1

for all v€ W'X(Q): [ stands for [o. Let us further set

N 2
®) o =3 3 [ aonubut | aeon
and
©) B(u) == dolt) + f F(x, u)

where F(x, u) = [§ f(x, s)ds. For r > 0 let moreover

M, := {u EW'YQ): f u?= rz}

and foreachn=1,2,... set
K,(r)={K C M,: K compact, symmetric, y(K) =n}
where p(K) denotes the genus of XK. Finally, introduce the “LS critical levels”

(10) C,(ry=1nf sup 2¢(u).

K,(r) K
With these notations, we can now state the basic existence result:

THEOREM 1. Assume (Al), (A2). Then given r > 0, there exists a sequence
u,(r) (n=1,2,...) of (weak) eigenfunctions of (1) belonging to M, and
such that

(11) 2¢(u,(r)) = C,(r)
where C,(r) is as in (10); the eigenvalue u,(r) corresponding to u,(r) satisfies

(12) PUn(r) = 26o(4,() + f 0 (P ().
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Proor. We first show that ¢ is bounded below on M, (for each r). To this
purpose, note that by (Al)

2¢(u)§vf|Vu|2—dfu2—2f|F(x,u)l

where d = || 4, || .=)- Moreover, (A2) and Schwarz’ inequality imply that

f|F(x,u)l §af |u|p+1+b(fu2)1/2

for some new constants a, b > 0. Next, we use the inequality (6) with y = 8: on
setting 2a=p + 1 — f = (p — 1)N/2, this becomes

fluv+'§c||w 13w (18

and we conclude that, on M,,
20)Z v || Vu |1 — acr? || Vu ||3* — dr* — br.

The assumption p <1+ 4/N is equivalent to « < 1; the claim now follows
from the above inequality.

The rest of the proof (which consists in verifying the “Palais-Smale con-
dition” and applying the LS theory on the manifold A,) now runs along the
lines already shown in [1] and will be omitted. We only remark that by
Holder’s inequality, for all 1 < p < p, and all u, vE W'¥Q),

pl(p+1) ) pi(p+1)
flul"lé [ up flvl”

= lulZsi vl

Recalling the growth assumption in (A2), this permits one to introduce, as in
[1], an operator B, by the rule

(B(u), v) = f fouw (4, vE W)

which turns out to be compact (for p < p,) by virtue of the compact imbedd-
ing of W'Q) into L?(Q) (1= p<p). Therefore, the restriction
p <1+ N/(N —2)in Lemma 2.2 of [5] is superfluous. We remark on passing
that also the condition a, = 0 on the zeroth order coefficient in L has been
removed.

RemaRk 1. To obtain (12), just put u = v=u,(r) in (7) and use the
normalization condition { u2(r) = r.



290 R. CHIAPPINELL] Isr. J. Math.

ReEMARK 2. If f=0, the LS procedure gives exactly the eigenvalues u; of
Lu = uuin Q, u = 0 on 9Q: we have in this case

(13) riu, = inf sup 2¢q(u)

K(r) K

which is nothing but a reformulation of the classical Courant’s minimax
principle in terms of the sets K, (r): see e.g. [1].

3. Results

THEOREM 2. Let the assumptions of Theorem 1 be satisfied with p > 1 and
b =0 in the growth assumption (A2). Then each u, is a bifurcation point
(in W'XQ)) for (1); more precisely, foreachn = 1, 2, . . . the eigenvalue—eigen-
Sunction pairs (u,(r), u,(r)) given by Theorem 1 satisfy u,(r)=pu, + 0>~
and || Vu,(r)||.—~0asr—0.

ProOOF. We shall use the inequality
(14) lulpiiSclVulifull™ (wew )

which is the special case of (6) when y = p — 1; this choice is possible since
p—1<Biff p<1+4/N.
Fixn =1,2,...and let us first prove that, for small r > 0,

(15) |tn(r) —pn| S cr?!

(here and henceforth ¢, d will denote some, but not always the same, positive
constants, possibly depending on n). To this purpose, note that

(16) 16() — B} | = fF(x,u) :cfwrﬂ“.

Next we use (14) and recall that, by ellipticity,
200u)Zv || Vu i —d | u |}

so that
f lu Pt = c(gou) +d [ u D ullf

whence, for all u EM,,

(17 f [ulP ™t < cre~logu) + dreth.

Therefore from (16),
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(18) —dr**'+ (1 —cr” Do) = d(u) = (1 + cr” VNoo(u) + dr?*'.

Let r > 0 be so small that 1 — cr?~' > 0; on taking infy ,, supy of each term in
(18) and using (10) and (13) we then get

—drPt (=P YWu, =C(r) = +oar” Yl +drrt!,
1.e.

(19) |Co(r)—rlus| <cr?t!,
On the other hand, using (11) and (12) we have
160 =0 = |2 [ Fo )= [ 5,00

20
(20) =c [ 1mop.

The first inequality in (18) now gives, for r sufficiently small,
o) =c'o(u)+d'r**t  (UEM,)
with ¢’, d’ new constants. Therefore, from (17),

f lu Pt <cr?='e(u) + dro*!

(note that r2? = O(r?*") since p > 1). Writing this for # = u,(r) and using (20)
we get
|Co(r) — rPu(r)| Scr? 'C,(r) + drrt!.

However, from (19), C,(r) = r’u, + dr?*"' and so
(21) [ Co(r) — rPu,(r)| Scrs ™,

(15) now follows on using (19) and (21).

Let us conclude the proof of Theorem 2. We now know that, since | u2(r) =
r—0 and u,(r) — u, as r — 0, there is L? bifurcation from each u,. Moreover,
from (12) we get

201 = ) + [ 1)
and hence

v [ V)= dr S ) + e f Vi, ()1,

1.e.,
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(v—ocrr™) r |V (r)? = rPu,(r) + dr*.

This implies || Vu,(r)|*— 0 as r =0, whence the result.

COROLLARY. Assume there exists g € L*(QQ) such that
| fix, u) —q(x)u] =clul

Jor some c =0 and somep:1<p<1+4/N.Letl,(n=1,2,...)denote the
eigenvalues of

22) {Lu +qx)u=2iu inQ,

u=0 on Q2.

Then u,(r)— 4, as r—0 for each n; more precisely, u,(ry=24,+ O0@Fr?~")
asr—0.

PrOOF. Let L =L + g and write (1) as Lu + g(x, u) =Auin Q, u =0 on
3Q, where g(x, u):= f(x, u) — q(x)u. Then L satisfies (A1) and g satisfies
(A2); the conclusion now follows from the previous result applied to I and g.
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